Abstract. This paper aims at a financial market model with interacting chartists and fundamentalists and chase sell, the model dynamics is driven by a two-dimensional discontinuous piecewise linear map. The parameter space is partitioned into regions depending on the types of the fixed points at the two sides of the border. For the fixed points of both sides are attractors (regular/spiral/flip), the existence and coexistence of periodic points are studied analytically and numerically. The existence of chaotic orbit is explained by using the theory of homoclinic intersection for stable and unstable manifold of periodic orbit. The basins of coexisting multi-attractors are presented. The results can deep our knowledge of both financial market and dynamical system.
Introduction
More and more scholars began to pay attention to agent-based financial market models which explain the dynamics of financial markets by highlighting the trading activity of their participants. Seminal contributions in this field include Day and Huang [3] , Chiarella [2] , Lux [15] , Brock and Hommes [1] , Farmer and Joshi [5] and He and Li [10] . According to this class of models, interactions between heterogeneous and boundedly rational speculators, relying on simple technical and fundamental trading rules, can generate complex endogenous price dynamics, including, for instance, the emergence of bubbles and crashes. More recent approaches are surveyed in Hommes [11] , LeBaron [14] , Chiarella et al. [2] . In recent years, a few papers in this exciting area focus on the dynamics of piecewise linear maps [8, 9, 17] . Such piecewise linear maps, which may be regarded as an approximation of more complicated nonlinear maps, have the advantage that they often allow for a deeper analytical study of the underlying dynamical system, and thus advance our understanding of what is driving the dynamics of financial markets. In this paper, our model, representing a stylized speculative market with interacting chartists and fundamentalists and chase sell, also has a piecewise linear structure but is a 2 dimensional (2D) discontinuous piecewise linear (DPWL) map.
In order to explain the bifurcation phenomena in such systems, it is necessary to have a bifurcation theory for discontinuous maps. A bifurcation theory for 1D discontinuous maps has been reported [6, 7, 13] . It should also be noted that discontinuous piecewise linear maps have not yet been thoroughly studied. Despite their simplicity, they can, however, lead to surprising new insights. We hope that our paper will advance our knowledge of such maps.
The paper is organized as follows. Section 2 concerns the formulation of 2-dimensional dynamical model. In Section 3, fixed points and their classification of five basic types are given. In Section 4, we analyze the bifurcation phenomena in 2D discontinuous maps in terms of asymptotically stable behavior and basin occurring for fixed points of both sides belong to the (regular/spiral/flip) attractors. We end the paper with summary and conclusions in Section 5.
A Discontinuous Financial Market Model
We consider a speculative market in which a market maker mediates the transactions of speculators and adjusts prices with respect to the current excess demand: If buying exceeds selling, they in-crease the price; if selling exceeds buying, they decrease the price. The excess demand is made up of the transactions of three different groups of speculators.
Chartists believe in the persistence of bull and bear markets and thus buy if prices are high and sell if they are low. Fundamentalists do exactly the opposite. Fundamentalists expect prices to return towards their fundamental value and thus buy if prices are low and sell if they are high. Individual investors show some imitating investment behavior, because of their limited information, irrational investment decision and blind follow. We assume that chartists, fundamentalists and individual investors are always active in the market. We consider a speculative market in which a market maker mediates the transactions of speculators and adjusts prices with respect to the excess demand. The market maker uses a (standard) log-linear price adjustment rule and quotes the new log price P as 1 ( )
Parameter  is a price adjustment parameter. The three terms in the bracket on the right-hand side of (1) capture the transactions of chartists, fundamentalists, individual investors, respectively. Obviously, excess buying drives the price up and excess selling drives it down. Chartists believe in the persistence of bull and bear markets. We thus formalize the orders placed by chartists as Fundamentalists expect prices to return towards their fundamental values. We thus write the orders placed by fundamentalists as
f f f f are non-negative. Hence fundamentalists always trade in the opposite direction as chartists. In an overvalued market, they sell and in an undervalued market they buy. Similar to chartists, the trading intensity of fundamentalists may depend on market circumstances: A certain mispricing in the bull market may trigger a higher or lower transaction than the same mispricing in the bear market.
Imitators follow the trend blindly and chase sell. When prices rise, imitators will make a decision to buy in order to sell at higher prices in the future, so as to get the difference, its demand is proportional to the price rise. On the contrary, when prices fall, they sell shares to minimize losses. We thus formalize the orders placed by imitators as 1 ( ) 
where
It is convenient to express the model in terms of deviations from its fundamental value. Using auxiliary variable t t x P F   (5) yields
, dynamical system (6) can be represented as two dimensional discontinuous map
where ' denotes the unit-time advancement operator, and
Fixed Points and Their Classification
The fixed points of the system (7) in both sides of the boundary are given by 
For such a map, there can be five basic types of fixed points as shown in Figure 1 . As the work by Rakshit et al. [16] demonstrated a property of the normal form map that the unstable manifolds fold at every intersection with the x-axis, and the image of every fold point is a fold point. The stable manifolds fold at every intersection with the y-axis and the preimage of every fold point is a fold point. We now classify the deferent types of discontinuous border collision bifurcations (BCB) depending on the type of fixed points occurring at both side of the border. Unless otherwise stated, we shall study the bifurcations occurring in the system (7)  and shall confine our study to the case 2( n n L L come into the existence with period Farey tree sequence. For R are virtual (ie., none of fixed points will exist) and multi-periodic bounded attractors coexists with each other. As shown in Figure 3 (a) the white regions and the yellow regions represent the basin of period-6 orbit (in red) and period-5 orbit (in black), respectively. As shown in Figure 3 (b) the period-4 orbit (in red) coexists with 4 period-4 orbits (in black, blue, violet and grey, respectively).
Fixed Points of Both Sides are Attractors
For
, both fixed points are spiral attractors. 
Summary and Conclusion
In this paper we study a simple financial market model in which interactions between heterogeneous speculators can generate endogenous price dynamics. The dynamics of our model is driven by a 2-dimensional discontinuous dynamical model. We have partitioned the parameter space into regions depending on the types of the fixed points at the two sides of the border, and then study this map analytically and numerically for the fixed points of both sides are attractors (regular/spiral/flip). We find, for instance, that the model can produce chaotic motions even though both sides attractors are spiral fixed points. Moreover, as the basins of coexisting multi-attractors quite entwined (see Figure 2 (b)- Figure 4(d) ), the model's periodic dynamics is structurally unstable, which means that any small change in any parameter of the model or small disturbance by noise may lead to a different dynamic behavior. Since our knowledge about discontinuous piecewise linear maps is not yet very deep, we hope that our analysis is also useful for the investigation of similar dynamical systems. We give explanation of existence of chaotic orbit by using the theory of homoclinic intersection for stable and unstable manifold of periodic orbit. For the case of both side fixed points are spiral attractors, the periodic-2 orbit is flip saddle and is responsible for creating the chaotic attractors. We leave the cases and for future study.
